Abstract. The anisotropic perfectly matched layer (PML) defines a continuous vector field outside a rectangle domain and performs the complex coordinate stretching along the direction of the vector field. In this paper we propose a new way of constructing the vector field which allows us to prove the exponential decay of the stretched Green function without the constraint on the thickness of the PML layer. We report numerical experiments to illustrate the competitive behavior of the proposed PML method.
1. Introduction. We propose and study an anisotropic perfectly matched layer (PML) method for solving Helmholtz scattering problems with discontinuous wave number ∆u + k 2 (x)u = f in Ω = R 2 \D, (1.1)
2) √ r ∂u ∂r − iku → 0 as r = |x| → ∞, (
where D ⊂ R 2 is a bounded domain with Lipschitz boundary Γ D , f ∈ (H 1 (Ω)) ′ has the support inside B(R 0 ) = {x ∈ R 2 : |x| ≤ R 0 } with (H 1 (Ω)) ′ being the dual space of H 1 (Ω), and g ∈ H 1/2 (Γ D ). We assume the wave number k(x) is positive in R 2 and piecewise constant outside B(R 0 ) with the interface where the wave number PML method developed in this paper to solve elastic wave scattering problems for which the standard uniaxial PML method has difficulties [16] . The layout of the paper is as follows. In section 2 we introduce our new anisotropic PML method for (1.1)-(1.3) using the example of constant wave number. In section 3 we consider the guideline in constructing PML complex coordinate stretching transform in order to show the convergence of the PML method. In section 4 we introduce the finite element method for solving the PML problem. In section 5 we report two numerical examples with discontinuous wave number to show the competitive behavior of our new adaptive anisotropic PML method.
2. The anisotropic PML method. In this section we introduce the new anisotropic PML method for Helmholtz scattering problems. Let D be contained in the interior of the rectangle B 1 = {x ∈ R 2 : |x 1 | < L 1 /2, |x 2 | < L 2 /2} and Ω 1 = B 1 \D. Let Γ 1 = ∂B 1 and n 1 be the unit outer normal to Γ 1 . The derivation of the PML equation depends crucially on the idea of complex coordinates stretching transform x = F (x) outside B 1 (see e.g. Chew and Weedon [10] ), where F : R 2 \B 1 → C 2 is a complex valued function. We set in this following F (x) = x in B 1 .
Once the transform is constructed, for the solution u of the scattering problem (1.1)-(1.3), we letũ(x) = u(x). It is clear thatũ satisfies
is the Laplace operator with respect to the stretched coordinates. The desired PML equation can be obtained by the chain rule 5) where
, and DF (x) is the Jacobi matrix. The equation (2.5) should be understood in the weak sense.
Let
be the rectangle which contains B 1 . The PML solutionû in Ω 2 = B 2 \D is defined as the solution of the following system
The convergence of the PML solutionû to the solution u of the original scattering problem depends on the properties of the transform F (x) to be studied in the next section. Now we introduce a new construction of the anisotropic PML complex coordinate stretching transformx = F (x) when the wave number k(x) is a constant k > 0. This construction can be easily extended to the general case of piecewise constant wave numbers as shown in section 5. Let θ = arctan(d 1 /d 2 ). Let the domain Ω PML = B 2 \B 1 be divided into four trapezoids U ± i , i = 1, 2, where
In each domain U ± i , i = 1, 2, we write the Cartesian coordinate x = (x 1 , x 2 ) in a new coordinate (r, s) so that the PML coordinate stretching is performed only in one direction outside B 1 . We will only describe the construction in U 
8)
We know that r = r(x) = x1−L1/2 cos θ which is the distance between A and
2 )) on the segment AA 1 (see Fig. 2.1) .
10)
We know that r = r(x) = x2−L2/2 sin θ which is the distance between A and A ′ = (
2 ), x 2 ) on the segment AA 1 (see Fig. 2 .1). Obviously r(x) is continuous in Ω PML . Now we define the complex coordinate stretching. For t > 0, let
be the model medium property, where ζ ≥ 0 is a constant and σ(t) > 0 for t > 0 and σ(0) = 0. Denoter(x) as the complex stretching of r(x)
and define the complex coordinates (x 1 ,x 2 ) for x ∈ U + 1 as
By using (2.8)-(2.9) we know that, for x ∈ U + 1 ,
12)
where β(r(x)) =η(r(x)) + iσ(r(x)),η(r(x)) = 1 + ζσ(r(x)), andσ(t) = 
Here α = α(r(x)) and β = β(r(x)).
3. The complex coordinates stretching transform. In this section we consider the guideline in constructing the PML complex coordinate stretching transform x = F (x) in order to obtain the convergence of the PML method by extending the analysis in [8] for Maxwell scattering problems with constant wave number. In this section we assume the wave number k(x) is constant k. The results can also be extended to the case of layered medium using the method developed in [7] where the uniaxial PML method is studied.
Ellipticity of A(x).
The first important property is the ellipticity of the PML coefficient matrix A. We start with the following lemma which can be proved by the same method as in [8, Lemma 7] . c11+c22 . We need the following assumption on the medium property
and σ =σ = σ 0 for t ≥ r 0 > 0, where σ 0 is a constant.
Lemma 3.2. Let (H1) be satisfied. Then
Proof. We only prove the lemma for x ∈ U + 1 . The other cases are similar. By the formula at the end of last section, write A(x) = (a ij (x)), we know that for any where λ j (x), j = 1, 2, are the eigenvalues of the symmetric matrix ReA(x).
Lemma 3.2 is obvious for
, it is easy to check that
where we have used the fact that ζ ≥ 1 by (H1). Thus
On the other hand, since Re 
Since (ση − ση) 2 = (σ −σ) 2 ≤ σ 2 and ηη + σσ ≥ 1 + ζσ, we know that
where we have used s 2 ∈ [0, 1] and (H1). This completes the proof by using Lemma 3.2 and the fact that Re (a 11 )+Re (a 22 ) ≤ (1+|α|)(1+d
Exponential decay of the stretched Green function.
It is clear that any solution of the exterior Dirichlet problem (1.1)-(1.3) satisfies
where Ψ SL (λ)(x), Ψ DL (ξ)(x) are, respectively, the single and double layer potentials
0 (k|x − y|) is the fundamental solution of the Helmholtz equation (1.1)-(1.2) satisfying the Sommerefeld radiation condition (1.3).
For any z ∈ C, z 1/2 is taken as the analytic branch of
0 (kρ(x, y)) be the stretched Green function. Then we know that 14) whereΨ SL (λ)(x),Ψ DL (ξ)(x) are the modified single and double layer potentials
The following lemma proved in [4, Lemma 2.2] indicates that the first Hankel function decays exponentially away from the upper half complex plane. Lemma 3.3. For any ν ∈ R, z ∈ C ++ = {z ∈ C : Re (z) ≥ 0, Im (z) ≥ 0}, and Θ ∈ R such that 0 < Θ ≤ |z|, we have
From Lemma 3.3 and (3.14) we know that to ensure the exponential decay of the stretched Green solutionG(x, y), we need a uniform lower bound of Im ρ(x, y) which tends to infinity when the thickness of the PML layer or the PML medium property tends to infinity. We first recall the following lemma from [5] .
Lemma 3.5. Let z j =x j − y j , j = 1, 2. For any x ∈ Γ 2 , y ∈B 1 , we have
Proof. We only prove the case when
It is easy to know that for y ∈B 1 ,
Thus by Lemma 3.4 we have
The case when |x 2 | ≤ L 2 /2 is simpler sincex 2 = x 2 . This completes the proof.
We remark that in this lemma we do not require the thickness of the PML layer d 1 , d 2 should have a uniform lower bound as required in [8, Lemma 3] . This is the main advantage of our new complex stretching formulation in this paper.
Based on Lemma 3.1 and Lemma 3.5, the convergence of PML solutionû to the solution of (1.1)-(1.3) can be proved by the method in [8] . Here we omit the details.
4. Finite element approximation. In this section we introduce the finite element approximations (2.6)-(2.7). Let b :
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The weak formulation of (2.6)-(2.7) is: 
2 ) be the conforming linear finite element space over Ω h 2 and
The finite element approximation to the PML problem (2.6)-(2.7) reads as follows:
Here g h is some piecewise linear approximation of g. We will use adaptive finite element method based on a posteriori error estimate to solve the discrete problem (4.18). We now introduce the a posteriori error estimator used in our numerical experiments in the next section. For any K ∈ M h , we denote h K its diameter. Let B h denote the set of all sides that do not lie on Γ h D and Γ 2 .
For any e ∈ B h , h e stands for its length. For any K ∈ M h , we define the residual
For any interior side e ∈ B h which is common side of K 1 and K 2 ∈ M h , we define the jump residual across e: 20) using the convention that the unit normal ν e to e points from K 2 to K 1 . For any K ∈ M h , the local error estimator η K is then defined as 
, ∀t ∈ (0, r 0 ).
Let k min = min{k(x) : x ∈ R 2 }. The constant σ 0 is so chosen that the exponentially decaying factor
which makes the PML error negligible compared with the finite element discretization error.
Once the PML region and the medium property are fixed, we use the standard finite element adaptive strategy to modify the mesh according to the posteriori error estimate with the local error estimator η K in (4.21). We define the global posteriori error estimate
. Now we introduce the adaptive anisotropic PML algorithm used in this paper. 
• Solve the discrete problem (4.18) on M h .
• Computer the local error estimators η K on each K ∈ M h and the global a posteriori error estimate E. end while Example 5.1. We consider the Helmholtz problem (1.1)-(1.3) in a two layered medium where k(x) is defined by
We note that in this example the interface where the wave number is discontinuous does not align with the coordinate axises. The fundamental solution of Helmholtz equation with this wave number can be constructed by using the method in [7] to which we refer for further details. First we introduce some notation. Let h be a bounded analytical function in
where SIP is the Sommerfeld integral path ( [9] , [7] ). By [7, Lemma 2.1], I(h; a, b) can be computed by the following identity
, and µ j = (k
0 (k|x − y|) and H
0 (z) is the first Hankel function of order zero. 1)-(1.3) is G(x, y) as we defined above. We take L 1 = L 2 = 6 , the thickness of PML layer d 1 = d 2 = 1, and the wave numbers k 1 = 3π, k 2 = 5π. Figure 5 .2 shows the setting of domain and the direction of the vector field along which the PML coordinate stretching is performed. We choose the PML parameters σ 0 = 11.86 and r 0 = 0.5 to ensure (5.22) .
It is clear that the direction of the vector field is continuous across the discontinuous interface. We use the complex coordinate stretching transform in section 2 to define the anisotropic PML problem. Figure 5 .3 shows the log N klog ||u − u k || H 1 (Ω1) and log N k -log E k curves, where N k is the number of nodes of the mesh M k and u k is the finite element solution over the mesh M k . It indicates clearly that the meshes and the associated numerical complexity are quasioptimal: ||u − u k || H 1 (Ω1) ≈ CN −1/2 k and E k ≈ CN −1/2 k are valid asymptotically. As a comparison, we also show the log N k -log ||u − u k || H 1 (Ω1) and log N k -log E k curves by using adaptive uniaxial PML method. We observe that two methods perform comparably. Figure 5 .4 shows the adaptive mesh. We observe that the mesh in the domain with larger wave number is more refined. This is reasonable since it needs more DOFs to resolve the wave in the domain with larger wave number. We also show the real part of numerical and exact solutions in Figure 5 .5 from two different observation directions.
Example 5.2. In this example, we show that our new PML method can be used to solve the scattering problems with several discontinuous interfaces. The wave number k(x) is defined by
where 5.6 ). The transform F (x) is the same as the transform for the constant wave number in section 2 when x ∈ Ω PML \Ω A0A1B2B0 , where Ω A0A1B2B0 denotes the quadrilateral with vertices A 0 , A 1 , B 2 , B 0 . To define the transform in Ω A0A1B2B0 , we first notice that the distance between A 0 , B 0 and the distance between A 1 , B 1 satisfy d A0B0 = d A1B1 = 2. For x ∈ Ω A0A1B2B0 , we define r ∈ (0, d 2 1 + d 2 2 ), s ∈ (0, 1) such that
Here Ω A0A1B1B0 is the quadrilateral with vertices A 0 , A 1 , B 1 , B 0 and Ω B0B1B2 is the triangle with vertices B 0 , B 1 , B 2 . Then the complex coordinate stretching function isx
where r(x) = − L2/2+x2 sin θ . Let the source f be a Gaussian point source at (r 1 , r 2 ) = (1, 0) . Figure 5 .7 shows the adaptive mesh. We observe that the mesh in the domain with small wave number is coarser. Figure 5 .8 shows the real part of numerical solution from two different observation directions. Figure 5 .9 shows the log N k -log E k curve, where N k is the number of nodes of the mesh M k and E k is the associated a posteriori error estimate. It indicates clearly that the meshes and the associated numerical complexity are quasi-optimal: E k ≈ CN −1/2 k is valid asymptotically. 
